Abstract. We find multipullback quantum odd-dimensional spheres equipped with natural U (1)-actions that yield the multipullback quantum complex projective spaces constructed from Toeplitz cubes as noncommutative quotients. We prove that the noncommutative line bundles associated to multipullback quantum odd spheres are pairwise stably non-isomorphic, and that the K-groups of multipullback quantum complex projective spaces and odd spheres coincide with their classical counterparts. We show that these K-groups remain the same for more general twisted versions of our quantum odd spheres and complex projective spaces.
Introduction
Complex projective space is a fundamental object in topology and algebraic geometry. It also makes its mark in lattice theory as its affine covering provides a natural model of a free distributive lattice [3] . In [14] , a noncommutative deformation of complex projective spaces preserving this lattice-theoretic property was introduced and studied. The new quantum complex projective space C * -algebras C(P N (T )) were defined as multipullback C * -algebras [24] rather than as fixed-point subalgebras [29, 23] .
In this paper, we solve the problem of constructing multipullback quantum-odd-sphere C * -algebras C(S
2N +1 H
) from which the C * -algebras C(P N (T )) emerge as fixed-point subalgebras for a natural circle action. Then we develop and utilise a presentation of C(S 2N +1 H ) as the universal C * -algebra generated by N + 1 commuting isometries satisfying a sphere equation (see Theorem 2.3). We exploit this presentation to show that the K-goups of C(S ) is C * -free, so that its spectral subspaces C(S
) n are finitely generated projective left C(P N (T ))-modules. To prove that the characters of U(1) defining these noncommutative line bundles are K 0 -invariants, we derive a general method of pulling back noncommutative associated line bundles over equivariant maps (Theorem 5.1), and combine it with the aforementioned universal presentation of C(S
).
The key results of this paper can be summarized as follows:
Theorem 0.1. Fix an integer N ≥ 1 and a matrix θ ∈ M N +1 (R) that is antisymmetric in the sense that θ ij = −θ ji for all i, j. Then:
H,θ )). In what follows, we will construct algebras of functions on quantum spaces as multipullbacks of C * -algebras. To make sure that this construction corresponds via duality to the presentation of a quantum space as a union of closed subspaces (see [19] ), we assume the cocycle condition (see Definition 1.1). First we need some auxiliary definitions.
Let (π i j : A i → A ij ) i,j∈J,i =j be a finite family of surjective C * -algebra homomorphisms, with A ij = A ji for i = j. For all distinct i, j, k ∈ J, we define A Theorem 1 of [19] implies that a finite family (π i j : A i → A ij ) i,j∈J,i =j of C * -algebra surjections satisfies the cocycle condition if and only if, for all K J, all k ∈ J \ K, and all (b i ) i∈K ∈ i∈K A i such that π 
for all i ∈ K. This corresponds in the classical setting to the idea that all partial pushouts of a collection of topological spaces embed in the total pushout.
1.2.
Heegaard-type splittings of odd spheres. We recall the Heegaard-type splittings of odd-dimensional spheres into solid tori. We write T := {c ∈ C | |c| = 1} for the unit circle, D := {c ∈ C | |c| ≤ 1} for the unit disc, and
, with inverse given by φ
These homeomorphisms allow us to present S 2N +1 as a multipushout of closed solid tori. Indeed, for each i, let
, and for i < j, let
Then S 2N +1 is the multipushout of the solid tori X 0 , . . . X N given by the diagrams (1.1).
(1.1)
To motivate our definition of Heegaard quantum spheres later on, we dualize this multipushout picture of S 2N +1 to obtain a multipullback presentation of C(S 2N +1 ). Let res : C(D) → C(T) be the restriction map. For i < j, we write
1.3.
Gauging diagonal actions and coactions. Throughout this paper, we denote a right action of a group G on a space X by juxtaposition, that is (x, g) → xg. The general idea for converting between diagonal and rightmost actions of a group G on a topological space X is as follows. We regard X × G as a right G-space in two different ways, which we distinguish notationally as follows.
• We write (X × G) R for the product X × G with G-action (x, g) · h := (x, gh).
• We write X × G for the same space with diagonal G-action (x, g)h = (xh, gh).
There is a G-equivariant homeomorphism κ : (X ×G) R → X ×G determined by κ(x, g) := (xg, g), with inverse given by κ −1 (x, g) = (xg −1 , g). In general, given any cartesian product of G-spaces, we will regard it as a G-space with the diagonal action, except for those of the form (X × G) R just described.
In what follows, the tensor product means completed tensor product, and we use the Heynemann-Sweedler notation (with the summation sign suppressed) for this completed product. Since all C * -algebras that we tensor are nuclear, this completion is unique. We often identify the unit circle T with the unitary group U(1), and use the quantum group structure on C(U(1)). Even though we only use the classical compact Hausdorff group U(1), we are forced to use the quantum-group language of coactions, etc., to write explicit formulas, and carry out computations.
Let G be a locally compact group, and let H := C(G).
, is the antipode map, ε(h) := h(e) defines the counit (e is the neutral element of G), and
Consider A⊗H as a C * -algebra with the diagonal coaction p⊗h → p (0) ⊗h (1) ⊗p (1) h (2) , and denote by (A ⊗ H)
R the same C * -algebra with the coaction on the rightmost factor: (2) . Then the following map is a G-equivariant (i.e., intertwining the coactions) isomorphism of C * -algebras:
Its inverse is explicitly given by To obtain a multipushout presentation of P N (C) = S 2N +1 /U(1), we need to gauge the diagonal actions to actions on the rightmost components. This will yield an alternative multipushout presentation of S 2N +1 . Using the notation of Section 1.3, we write
for the gauging homeomorphism. Identify U(1) with T, and write
We obtain a U(1)-equivariant homeomorphism
We use the h i and h ij to transform the multipushout structure of S 2N +1 described by (1.1). Explicitly, for 0 ≤ i < j ≤ N, we obtain the commuting diagram (1.4).
(1.4)
(Note that, unlike in the previous multipushout presentation of S 2N +1 , these maps are not identities.) With this notation, S 2N +1 is homeomorphic to the quotient of the disjoint union
by the smallest equivalence relation such that
The equivalence relation ∼ respects the U(1)-actions, so that we obtain a multipushout presentation of S 2N +1 /U(1) ∼ = P N (C) by everywhere restricting U(1) to a point. This multipushout presentation of the complex projective space agrees with the multipushout presentation used in [14, Section 1.2] to obtain the multipullback noncommutative deformation of P N (C).
2. Twisted multipullback quantum odd spheres 2.1. Twisted quantum even balls. Recall that we regard the Toeplitz algebra T as the quantum-disc C * -algebra [21] . Let s be the generating isometry in T [6, 7] and u the generating unitary in C(T). Let σ : T → C(T), s → u, denote the symbol map. We use the exact sequence 0
to regard the circle T as the boundary of the quantum disc, or two-dimensional quantum ball. Thus the one-dimensional quantum sphere then corresponds to the quotient T /K. From this perspective, T ⊗N can be regarded as the algebra of a Cartesian product of N two-dimensional balls, and therefore as a copy of a 2N-dimensional (non-round) quantum ball. The quotient T ⊗N +1 /K ⊗N +1 is then viewed as the algebra of the boundary of the quantum ball, that is, a quantum sphere of dimension 2N + 1. In the same spirit, T ⊗N ⊗ C(T) is regarded as the algebra of the Cartesian product of a 2N-ball and a circle, which is to say a (2N + 1)-dimensional noncommutative solid torus.
By analogy with the Heegaard splitting of S 2N +1 in the preceding section, we define the algebra C(S
2N +1 H
) of continuous functions on the Heegaard quantum sphere as a multipullback of the C * -algebras T ⊗i ⊗ C(T) ⊗ T ⊗N −i with respect to the maps
given by π
In Section 4.2, we will realize C(S
) as the special case where θ = 0 of a multipullback of twisted tensor products of the same sort. We begin by defining the twisted Toeplitz algebras T . This action descends to each B i and each B ij , and hence induces a U(1) N +1 -action on C(S
2N +1
H,θ ), also called the gauge action.
2.2. A universal presentation. We prove, using Whitehead's twisted relative CuntzKrieger algebras of higher-rank graphs [31] (see also [26] ), that the twisted Heegaard quantum sphere C * -algebra of Definition 2.2 enjoys a universal property.
Theorem 2.3. Consider an integer N ≥ 1 and a antisymmetric matrix θ ∈ M N +1 (R). Let A θ (N + 1) be the universal C * -algebra generated by isometries s 0 , . . . , s N satisfying
, and the sphere equation
Then there is a U(1)-action on A θ (N + 1) such that λ · s i = λs i for all i, and there is a The existence of the U(1)-action on A θ (N + 1) and of the homomorphism φ θ follows from the universal property of A θ (N + 1). We use the technology of twisted relative higher-rank graph C * -algebras [26] to see that φ θ is injective. For surjectivity, and to see that the cocycle condition is satisfied, we will need the following technical lemma.
Lemma 2.4. Let A be a C * -algebra and suppose that I 0 , . . . , I n are ideals of A. Suppose that a 0 , . . . , a n ∈ A satisfy a i + (I i + I j ) = a j + (I i + I j ) for all i, j. Then there exists a ∈ A such that a + I i = a i + I i for all i.
Proof. We proceed by induction on n. The base case n = 0 is trivial. Suppose as an inductive hypothesis that there exists a ′ ∈ A such that a
Since the ideals of the C * -algebra A form a distributive lattice with meet given by intersection and join given by sum, we have
Combining this with (2.5), we obtain a ′ − a n = b
′ − b ′ = a n − b n and b n ∈ I n , so a + I n = a n + I n too.
To prove Theorem 2.3, we use twisted higher-rank graph C * -algebras. The general theory of these objects requires significant background, but fortunately the only higherrank graphs we need to consider are the following elementary examples. given by the identity map on N N +1 . We write e 0 , . . . , e N for the canonical generators of N N +1 . Since we are viewing Λ as a category, we write µν for the composition of elements µ, ν. This is really just µ + ν when the two are regarded as elements of
is exhaustive as in [26, Section 2] . So given any collection E of finite subsets of Λ \ {0}, we can form the twisted relative Cuntz-Krieger algebra C * (Λ, c; E), which is generated by isometries {s c E (λ) : λ ∈ Λ} satisfying relations (TCK1)-(TCK4) and (CK) of [26, Section 3] .
There is a cocycle c on Λ given by
.
Proof. One checks that A θ (N + 1) and C * (Λ, c; E) have the same universal property.
Proof of Theorem 2.3. The relations (2.3) and (2.4) are invariant under multiplication of the s i by any fixed λ ∈ U(1). Thus the universal property of A θ (N + 1) yields the desired U(1)-action.
The universal property of T N +1 θ yields a homomorphism
Applying Lemma 2.4 to A = T N +1 θ and the ideals I i = ker(σ i ) shows that
By Lemma 2.5 it suffices to show that the homomorphism ρ :
For this, we aim to apply the gauge-invariant uniqueness theorem [26, Theorem 3.15] for C * (Λ, c; E).
The homomorphism ρ is equivariant for the gauge actions on C(S
H,θ ) and C * (Λ, c; E). [26, Theorem 3.15] , it suffices to show that for each finite F in the complement of the satiation E of E (see [26, page 837 
The set
satisfies (S1)-(S4) on page 87 of [26] and contains E. An induction shows that any set containing E and satisfying (S1)-(S4) contains E ′ . So E ′ = E. So for a finite set F ∈ E, there is a sequence (p i ) in Λ with |p i | → ∞ such that p i ≥ q for all q ∈ F and all i ∈ N. By passing to a subsequence, we may assume that p i j → ∞ for some j ≤ N. Since p i ≥ q for all q ∈ F and all i, it follows that q ∈ F implies q l > 0 for some l = j. Hence there exists l = j such that q ≥ e l , which forces
So it suffices to show that the right-hand side of (2.7) is nonzero. Since σ j (T N +1 θ ) is universal for the same relations as the twisted relative Cuntz-Krieger algebra C * (Λ, c; 
Hence Theorem 1 of [19] implies that the π i j satisfy the cocycle condition of Definition 1.1.
Strong connections.
Since we focus on free U(1)-actions on unital C * -algebras, we avoid the general coalgebraic formalism of strong connections of [4] , and formulate the concept of a strong connection from [12] solely for U(1)-actions on unital C * -algebras.
Let A be a unital C * -algebra carrying a U(1)-action. For m ∈ Z, recall that A m denotes the spectral subspace {a ∈ A | λ · a = λ m a for all λ ∈ U(1)}. We write
for the * -algebra of Laurent polynomials. Let ℓ be a unital linear map
where m∈Z A m denotes the algebraic direct sum of the spectral subspaces. We say that ℓ is a strong connection for the U(1)-action on A if, writing m A : A ⊗ alg A → A for the multiplication map, we have
By [28] the existence of a strong connection is equivalent to strong grading:
Moreover, by the main theorem of [1] combined with [4, Theorem 2.5(1)], the existence of a strong connection is equivalent to C * -freeness.
A strong connection on S

2N +1
H,θ . In what follows we will also need the following family of U(1)-fixed elements of C(S 2N +1 H,θ ):
Consider the linear map
H,θ ) m defined inductively as follows:
Then ℓ is a strong connection for the U(1)-action on C(S
H,θ ): Equation (2.9) for n ≥ 0 is trivial, and for n < 0 follows from an elementary induction argument. Equation (2.8) for n ≥ 0 is trivial because s 0 is an isometry. To check it for n < 0, we first use the sphere equation 
Twisted multipullback quantum complex projective spaces
Our twisted multipullback quantum odd sphere C * -algebras (see Definition 2.2) yield a natural construction of a family of θ-twisted complex projective space C * -algebras as fixed-point algebras. Using the U(1)-action α on C(S
2N +1
H,θ ) from equation (2.2), we define
To study C(S
H,θ ) α , we gauge the diagonal action α on C(S
H,θ ) to an action on a single twisted component, where it is easy to determine the U(1)-invariant subalgebra. As in 
(2) Since (w Furthermore,
, we must have
(6) Since (w
Thus we have shown that κ i and κ * of
So we obtain mapsσ 
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Then C(S
2N +1
H,θ ) R is equivariantly isomorphic to the multipullback C * -algebra over theπ i j . Note that the above diagram can be rewritten as follows:
Thus, for i < j, we haveπ 
We claim that A i is isomorphic as a C * -algebra with the U(1)-invariant subalgebra of B 
An argument using the gauge-invariant uniqueness theorem as in the proof of Theorem 2.3 shows that φ i is injective. To see that it is surjective, first observe that B κ i (θ);R i i is densely spanned by elements of the form (w
Since w
, obtained by averaging over the U(1)-action, takes such a spanning element to
is spanned by elements of this form, and such elements are in the range of φ i . Hence φ i is surjective. For any i = j we will denote the generators of 
Using the isomorphisms φ i and φ ij we can transport the multipullback structure of the U(1)-fixed-point subalgebra of C(S
H,θ ) R as follows (0 ≤ i < j ≤ N):
In the diagram (3.5), we have used the same symbols to denote the (co)-restrictions of the mapsσ 
In case of the isomorphisms ψ ij := φ −1 ij •ψ ij • φ ji , 0 ≤ i < j ≤ N, we will perform a careful case-by-case analysis. The first splitting into cases follows from the definition of ψ ij (see (3.4)): either k = i + 1 or k = i + 1.
(1) For k = i + 1:
Here the definition of φ ji forces a split into cases k > j or k ≤ j. (a) For k > j:
Now we arrive at another split into cases:
Summarizing, when 0 ≤ i < j ≤ N and 1 ≤ k ≤ N, we obtain
Consequently, the U(1)-fixed-point subalgebra of C(S
H,θ )
R is isomorphic to the multipullback of the algebras A i with respect to the natural maps A i → A i;j , A j → A i;j , i < j, determined by the diagrams
The K-groups of twisted multipullback quantum odd spheres and complex projective spaces
We begin by deriving a short exact sequence of commutative C * -algebras whose noncommutative counterpart provides a basis for computing the K-groups of the twisted multipullback quantum complex projective spaces.
The 2N + 1-dimensional sphere S 2N +1 is the closed subset of C N +1 defined by
Denote by D := {c ∈ C | |c| ≤ 1} the unit disk, and by D 0 := {c ∈ C | |c| < 1} the interior of the unit disk. Next, we define a "non-round" odd sphere as follows: Hence there are well-defined maps
These maps are mutually inverse and continuous, so that S 2N +1 ∼ = S 
The condition in the first of these sets forces 
is an element of the second set, then
Summarizing, we obtain the decomposition
For the diagonal actions of U(1), this decomposition of S
and S 2N −1 are equivariantly homeomorphic for the diagonal U(1)-actions, and using standard identifications, we obtain the following U(1)-equivariant short exact sequence of C * -algebras:
Quantum odd spheres.
Recall that s denotes the isometry generating the Toeplitz algebra T . The universal properties of the maximal tensor product and of the untwisted algebra T
show that the map
is an isomorphism.
To see where Definition 2.2 comes from, and how it relates to noncommutative solid tori, recall first that σ denotes the symbol map from T to C(T). When θ = 0, we denote
, and each I i of Definition 2.2 is precisely the kernel of
and so each B i is the noncommutative solid torus algebra T ⊗i ⊗ C(T) ⊗ T ⊗N −i . The algebras B i and B ij and the maps π i j of Definition 2.2 are then given by
B ij := B ji , j < i, i, j ∈ {0, 1, . . . , N}, and
Thus our definition of C(S
2N +1
H,θ ) as the multipullback along the π i j is a natural noncommutative dual to the Heegaard-type splitting of S 2N +1 described in Section 1.2.
To compute K * (C(S
H,θ )), we first compute the K-theory of the untwisted quantum sphere C(S
2N +1 H
) by applying the Künneth theorem and then the six-term ideal-quotient exact sequence. We then apply results of [26] to see that the K-theory of C(S
2N +1
H,θ ) is identical to that of C(S . (By convention, w
Proof. Let R := N j=0 (1 − w j w * j ). As the w i are commuting isometries, we see that w * i R = 0 = Rw i for all i, and then we deduce that W * 
Proof. We first consider the case where θ ij = 0 for all i, j. Theorem 2.3 combined with Lemma 4.1 and the isomorphism T
We claim that the inclusion ι :
of Lemma 4.1 induces the zero map on K-theory.
), Theorem 9.3.2 of [30] gives an exact sequence
Next, let
, k ∈ {0, . . . , N}.
Using this notation and (4.7), we can write the family of short exact sequences (4.6) as
where k ∈ {1, . . . , N}.
Theorem 4.6. Let N be a positive integer. Then
and
Proof. Since S N = C(P N (T )), it suffices to prove that K 0 (S k ) = Z k+1 and K 1 (S k ) = {0} for all k ∈ {1, . . . , N}. We do this by induction on k. For k = 0, the gauge trick gives
Consequently,
Now assume that K 0 (S k−1 ) = Z k and K 1 (S k−1 ) = 0. The short exact sequence (4.8) of C * -algebras induces the six-term exact sequence of Abelian groups:
The Künneth theorem gives K 0 (T ⊗k ) = Z and K 1 (T ⊗k ) = 0. Combining this with the inductive hypothesis, the sequence (4.9) becomes
Exactness gives K 1 (S k ) = 0, and exactness combined with the projectivity of free abelian groups gives K 0 (S k ) = Z ⊕ Z k = Z k+1 .
4.3.
Twisted multipullback quantum complex projective spaces. We begin by establishing notation. Fix a positive integer N, and let θ ∈ M N +1 (R) be an antisymmetric real matrix. For k, l ≤ N, define Θ kl := e 2πiθ kl . For 0 ≤ k ≤ l ≤ N, let T k,l be the universal C * -algebra generated by the isometries s k , . . . , s l satisfying the usual identities:
s i s j = Θ ij s j s i , s * i s j = Θ ij s j s * i . We will identify T k,l with the corresponding subalgebra of T 0,N . Let K (k,l) be the ideal of T k,l generated by the product l i=k (1 − s i s * i ). For each k ≤ N, the universal property of T 0,N shows that the formula α k (s i ) := Θ ik s i defines actions α k of both N and Z on T 0,N , and hence on each T l 1 ,l 2 .
The idea of the computation is the same as in the untwisted case, with small changes due to the fact that the isometries generating the noncommutative sphere do not commute. We regard the twisted noncommutative sphere as the quotient of the twisted semigroup algebra of N N +1 by the ideal of compact operators: C * (N N +1 , Θ)/K. A convenient presentation of C * (N, Θ) that will be used below comes from the fact that
where the actions α k are determined by the cocycle Θ. While there exists a considerable theory of semigroup C * -algebras, we do not need to use it below. Instead, we will reduce the computation to the one done in the untwisted case.
Let µ = (µ k , . . . , µ l ) ∈ N l+1−k be a multi-index, and let {e µ } µ be the standard orthonormal basis of The fixed-point subalgebra of the U(1)-action is, by definition, the C * -algebra of the quantum complex projective space: 
